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In particular, she stressed that the 
efforts to communicate the “Mathe-
matics of Planet Earth” will continue. 
(See also the corresponding press re-
lease at http://mpe2013.org).

After the talks and a short break, an electronic round-
table discussion (chaired by Rupert Klein) between the 
speakers took place: “What is the significance of math-
ematics in connection with the most urgent problems of 
mankind in the future (climate, sustainability, ecology, 
how to stop global warming, …)?”

The Diderot Forum terminated with some closing re-
marks by Mireille Chaleyat. Closing remarks by 
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We start with a vignette, adapted from Kilpatrick, Hoyles 
& Skovsmose (2005). It describes two 16-year-old stu-
dents using dynamic geometry software to tackle, with 
the help of a teacher, the following geometrical situation: 
“ABC is a right angled triangle with the right angle at A. 
From a point P on BC lines are drawn at right angles to 

AB and AC, intersecting AB and AC at D and E respec-

tively.” The students drag the triangle and notice how its 
key relationships remain unchanged: A is always a right 
angle and PD and PE are always perpendicular to AB 
and AC. This is a crucial feature of mathematical soft-
ware: to retain ‘defining’ relationships that are invariant 
whilst others change. The teacher draws the students’ at-
tention to P and to DE, and shows the students how they 
can use the software to measure the length of DE and 
display this on the computer screen. They then drag P 
along BC and watch how the length of DE changes. We 
join the vignette at this point.

Vignette
The teacher asked: “Where is P when the length of DE 
is at a minimum?” The students dragged P up and down 
BC watching how DE varied but now looking at its 
measurements. They could identify roughly where DE 
was minimised but were not able to characterise P’s po-
sition geometrically. 

The teacher again scaffolded their exploration and 
suggested that they try to find a shape that is invariant 
under their transformations. They soon ‘saw’ that ADPE 
was always a rectangle – “as it looked like one”. But 
why? The teacher needed to give yet another nudge and 
asked them to call upon the properties of a rectangle, 
even reminding them that the diagonals of a rectangle 
must be the same length. But even then, it was difficult 
for the students to move from the statement of this prop-

erty to its use as a tool to help them solve their problem. 
Eventually they realised that they could replace the 
problem of minimising DE by that of minimising AP. So 
were they done? No, even then there was work still to 
do. How could they find the position of P that gave the 
smallest length for AP? By moving P about again and 
watching the measurements, the students became con-
vinced that P had to be at the foot of the perpendicular 
line from A to BC but still struggled to articulate why? 
Their explanations were made exclusively in terms of 
AP’s measurement data: “It was the correct position for 
P because when P was moving from this point in either 

direction, to the right or to the left, the length of AP in-

creased.” The teacher was clearly not satisfied and asked 
for more reasons. One of the students eventually whis-
pered: “The shortest distance between two points is a 
straight line.” At first sight this appeared an irrelevant 
statement of a mathematical fact but, perhaps surpris-
ingly, it was accepted by the teacher as a valid reason. 
(Adapted from Kilpatrick, Hoyles & Skovsmose, 2005.)

Solid Finding 1: The communication patterns around the 

use of digital technology are complex and this complex-

ity must be taken into account when digital technology is 

incorporated into mathematics classrooms if its potential 

for enhancing learning is to be realised. Or, put another 

way, communication is crucial in any mathematics class-

room but the teacher must acknowledge new possibilities 

as well as new obstacles when using digital technology. 

Related to this finding, and a consequence of the 
myriad complex factors that influence implementation, 
is the fragility of the process of “successful incorpora-
tion” and the impact of small changes in initial condi-
tions, for example teacher input, curriculum constraints, 
peer interactions and prior learning, leading to very dif-
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ferent outcomes. However, despite these variations, dig-
ital tools do offer unique opportunities, taking us to our 
second solid finding. 

Solid Finding 2: Digital tools have the potential for trans-

forming teaching and learning mathematics in ways not 

possible with other tools. Or, put another way, mathemat-

ics teaching and learning can be enriched with the use of 

new digital tools.

The use of tools shape what is learned and how it is 
learned in any activity: consider drawing parallel lines 
with a set square or a protractor. Mathematics (as a dis-
cipline in science) is, in general, not restricting or limiting 
its tools. For example, in coding theory new codes were 
discovered by integrating aspects of algebraic geometry 
and not restricting to linear algebra. But what about the 
influence of digital tools on how mathematics is taught 
and learned? After all, digital tools are part of our daily 
life and work and students are very familiar with their 
use. So why not use them in ways to support mathemat-
ics learning?

In the plenary to the ICME 11 congress in Mexico, 
Hoyles (2008) drew on the mass of evidence from re-
search and practice to set out the potential of digital 
technologies, arguing that they could offer:

- dynamic & visual tools that allow mathematics to be 
explored in a shared space;

- tools that outsource processing power (such as doing 
the calculations, performing the algorithms) that could 
previously only be undertaken by humans, thus chang-
ing the collective focus of attention during mathemat-
ics learning; 

- new representational infrastructures for mathematics 
thus changing what can be learned and by whom;

- connectivity – opening new opportunities for shared 
knowledge construction and collaborations and for 
student autonomy over their mathematical work;

- connections between school mathematics and learners’ 
agendas and culture – bridging the gap between school 
mathematics and problem solving ‘in the real world’; 
and

- intelligent support for learners while engaged in an ex-
ploratory environment.

The first point was illustrated in the opening vignette, 
where the dynamic tools helped students distinguish 
what stayed the same and what varied, but clearly with 
the help of the teacher. This point is briefly elaborated 
below. 

Dynamic and visual tools 
Digital technology can provide tools that are dynamic, 
graphical and interactive. Using these tools, learners can 
explore mathematical objects from different perspec-
tives, where the key relationships for mathematical un-
derstanding are made more explicit, tangible and manip-
ulatable, along with the key connections between these 
representations. The crucial point is that interaction with 
the tools can support the process of mathematising by 

helping to focus the learner’s attention on the things that 
matter. The computer screen affords the opportunity for 
teachers and students to make explicit what is implicit 
and draw attention to what is often left unnoticed (Noss 
& Hoyles, 1996).

Another important point is this: a conjecture can be 
triggered by reflection on an accurate sketch, built, say, 
by the student in dynamic geometry. During the process 
of dragging their sketch, as illustrated in the vignette, the 
student can test out by eye if the constraints of the prob-
lem they had hoped to satisfy are indeed satisfied (as in 
the drawing of the first right angled triangle); they can 
become aware of invariants and possible relationships 
between the elements that are not being dragged. With-
out the dynamic aspect expressed through dragging, this 
would be difficult, since the accuracy of the sketch as 
well as its interactivity (through hand/eye coordination) 
is essential to the process of noticing such relationships. 
This property of being dynamic is quite different from 
the sense of dynamic that characterises, say, animated di-
agrams. The key factor is the interplay between dynamic 
(while dragging) and static (stop when some relation-
ship seems evident) and – crucially – is in the control of 
learners, so they can pause, reflect, go back and test in 
the light of feedback from the graphical image. 

Clearly it is possible for students to learn simply by 
watching moving diagrams, especially if accompanied 
with text or spoken words. But how do we know to what 
they will attend while watching, as illustrated in our vi-
gnette? Clearly there is a need for prompts or guidance. 
They can be directly from the teacher or through the 
use of guides; see, for example, Dagiene & Jasute, 2012, 
who have produced an analysis of different guided ap-
proaches to learning with dynamic geometry software 
and, more recently, through adaptive ‘intelligent’ sup-
port offered by the software (see Mavrikis et al., 2011, 
for first steps in this direction). 

Thus the provision of guidance to learners whilst en-
gaged in a computer-based exploratory environment is 
crucial, leading us to our third solid finding. 

Solid Finding 3: In order for the potential for transform-
ing mathematical practice through the use digital technol-

ogies for the benefit of all learners to be realised, teachers, 

teachers’ practice and their beliefs about learning must 

form part of the process. 
Let us be clear: hardware and software alone doesn’t 

work. Technology, a priori, is not a silver bullet to en-
hanced learning. If there is an effect on learning, it is 
the effect of the integration of appropriately designed 
digital technologies that exploit their functionality with 
curriculum support and professional teacher learning 
and support. Using digital technology should and must 
be part of teachers’ professional learning. This might be 
achieved by: 
- Teachers tackling the mathematics for themselves with 
the digital tools (before and alongside thinking about 
pedagogy and embedding in practice), thus allowing 
them, regardless of experience, the time and space to 
take on the role of learner.
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- Teachers co-designing activities and activity sequenc-
es that embed the digital tools as a collective effort 
with researchers making explicit appropriate didactic 
strategies and debugging together (see, for example, 
Laborde, 2001, & Section 3 on Teachers & Technology 
in Hoyles & Lagrange, 2009). 

Conclusions 
This design process of software, activities, curriculum 
and teaching is challenging, not least because of the in-
fluence of tools on every facet of the interaction. But 
careful design is crucial if interactions are to lead to 
positive learning gains (see Roschelle et al., 2010). A 
further challenge is scaling up – moving from design ex-
periments to broader usage where the teachers can no 
longer be co-designers yet need ‘some’ ownership of the 
innovation for it to succeed. Scaling up is also a ques-
tion of policy, where certain use of technology might be 
expected by the authorities. But with communication 
technologies and the ubiquity of the web, sustainable 
use of digital technologies might be a possibility. Inter-
ventions can be designed with considerable success in 
terms of student learning; see, for example, in Hoyles 
et al., 2012, where the interventions focus on core, deep 
and challenging mathematics and the software provides 
a ‘new lens’ for students on the mathematics through, 
for example, visual or dynamic functionalities.1 Key to 
the success of this project was an approach that inte-
grated professional development, curriculum materials 
and software in a unified curricular activity system. One 
way to support an agenda of scaling up might also be 
through a national infrastructure for continuing profes-
sional development for teachers, which seeks to ensure 
mathematics teacher professional learning is embedded 
in practice (see, for example, the National Centre for 
Excellence in the Teaching of Mathematics in England, 
www.ncetm.org.uk,2 and other centres in Europe, such 
as the DZLM in Germany. 

Clearly there is complexity and variability in imple-
menting these innovations with digital technologies in 
classrooms, along with issues of alignment to any man-
datory national curriculum, school management goals, 
schemes of work and assessment constraints, and, last 
but not least, ensuring that the schools have access to 
all the materials, that is, hardware, software and texts, 
which now means adequate connectivity, accessibility 
of hardware and all the perils around the management 
of school computer systems. All too often, the costs and 
challenges of using digital technologies in mathematics 
are noted as the reason why, in so many cases, impact 
has not reached expectations. But with ever increasing 
knowledge, a more robust theoretical basis and system-

atic evidence from the research community, we should 
be able to move forward and support students in trajec-
tories of learning with digital tools that are now being 
documented. In this way, students will be able to move 
beyond ‘the basics’ and address the more advanced 
mathematical ideas, which might previously have eluded 
them. There is evidence that this goal is reachable (see, 
for example, the research reported in Roschelle et al., 
2010, and more recently in Hoyles et al., 2012) and it is 
surely a goal to which we must strive. 
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1 A similar approach to accessing powerful mathematics with 
powerful tools has been undertaken by many others (see, for 
example, Krainer, 1993).

2 The NCETM offers a blend of approaches to effective Con-
tinuing Professional Development (CPD): national and re-
gional face-to-face meetings and tools and resources on its 
portal.


